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Abstract 

In this note we give the most elementary method (as far as we know) to express 
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by Leonhard Euler, so it is very instructive to non-experts or students. 
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The zeta function ({x) is defined by 

C(x) = > — for X > 1 

n=l 

and we are interested in tlie (zeta-) values {C(^) | ^ > 2} 

CO ^ 



72" 
n=l 



The value of C{2k) is well-known by Euler 



C(2) = -, C(4) = -, etc. (2) 

, while that of C(2A; + 1) is less-known (except for C(3) is irrational by Apery). See [1] and its 
references. The textbook [2] is also recommended. 

Therefore it is desirable to express C(2A; + 1) in terms of {C{2k)\k > 1} like 

oo 

C(2fc+l) = co + ^c„C(2n) (3) 



n=l 



where {c„|n > 0} are constants. 

In this note we revisit the problem and give a method by use of only a few elementary works 
by Euler. It is most elementary Q as far as we know. 

Let us start by listing well-known works by Euler : 



a sm X 



2i 



(6) sin a; = X Y\ ( 1 

n=l ^ 



oo / 9 

X 



n 7r2 7 

(c) / a;log(sina;)(ix = — —log 2 + —((3) 
Jo o ib 

Though the equation (c) may be not popular among the Euler's works (which are huge ! [3]) it 

is important and interesting enough as shown in the following. 

For the sake of non-experts who are interested in the zeta values we show our method with 

simple example (c), which is very instructive. Namely, we calculate the integral 

a;log(sinx)(ia; (4) 







^we don't know the precise definition of "most elementary" 



in two ways by use of (a) and (b). 

Here we list some well-known integrals related to 



\og{smx)dx = log 2 



sinxlog(sinx)(ix = log 2 — 1 



X log xdx = — lo^ f 2 



TT 

16 



for the convenience of readers. 



(I) Calculation by use of (a) 
By (a) 

log (sin x) = log(- 



2i 



log(e*^ - e"*^) - log(2i) = log{e*^(l - e""*^)} - log(22) 



n=l 



= ix - log(2i) + log(l - e"^*"") = ix - log(2i) - ^ 
where we have used the Taylor expansion 

log(l — z) = — — for < 1 



n 



n=l 



Then 



xlog(sin a;)(ix = i / x'^ dx — \og{2i) / xdx — '^^— / xe 

./n ./n „ ./n 



1 



n=0 



71^ TT^ 



1 



log(22) - y - / xe-2^""dx 



and 



-2mx H 2 



-2m 



1 

+ 77- 
JO 



n=l 



VTT 1 ?7r 1 

(1-6"*"'^) = — (-l)"-^(l-(-l)"). 



4n 



4n2 



An 



(5) 
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Therefore 



p 3 2 ^ C ' 1 

J\log(sm.)da: = ^^ - ^ log(2,:) - ^ - - _(1 - (-1)-) 



24 8 4 ^ ^2 ' 4 ^ n3 

n=l n=l 



- - - iog(2,) + - E + 5 E p^mp 

n=l n=l ^ ' 



Since it is easy to see 



5^ = (2n- 1)2 " 5Z = " 2 J] 7^ = 2*^(2) 

71=1 ^ ' n=l ^ ^ n=l n=l ^ ^ 



n=l 



and 



we obtain 



OO ^ OO ^ OO ^ 

5^ (2n- 1)3 " 5Z ~ 5Z = 8^^^^ 

n=l ^ ^ n=l n=l ^ ^ 



/■ 2 , , , , TT^ 7r2 ZTT 1 ^/ X 1 7 ^ , , 

/ xlog(sina;)ax = % log(2z) H x -C(2) + - x -C(3) 

Jo ^ 24 8 ^ 4 2^^ ^ 2 8^^ ^ 

= '24 " y ^ + + y + 16^^^^ 

= --log2 + lc(3) + .f--- + -C(2) 
8 ^ IQ^v ^ ^ 1 24 16 8^^ ' 



= 4log2 + lc(3)+.^(c(2)4), (6) 
where we have used the principal value 

log(z) = Log(e^) = z^. 
As a result we have C(2) = \ automatically and the equation (c). 

A comment is in order. Our proof is not rigorous in the mathematical sense because the 
convergence radius of ([5]) is ignored. On the other hand, it is very clear why C(3) appears in 
the process of calculation. 

(II) Calculation by use of (b) 
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By (b) 

OO / 

log(sin x) = log X + log ( 1 

n=l ^ 



SO 



Jo 



xlog(sinx)(ix = / xlogxdx + 'S~^ / xlogfl -— r- ) 



n=l 



TT 




/ xlog 




Jo 





Let us calculate the last term. By the change of variables (x — > n'^^^/x) 



2 \ 2 2 p—^ 

X^ \ . n^TT^ fi^ 



xlog ( 1 ^— ^ ) (ix = — - — / log(l — x)dx 



\ J 2 JO 

and using the Taylor expansion 

log(l - x) = - V — 

n 

we obtain 





(l - ^ \ 


/ xlog 




10 





n Tl 1 / in- , 

dx = ^ i - r / ^ 



2 ^ A; 

9 9 OO 



^ 1 1 _ ^ 1 



^ A;(A; + 1) 4'=+%2fe+2 8 ^ + 1)22'= 
As a result we have 

/ xlog(sinx)(ix = — log ( —\ -— \ — 

Jq ' 8 ^V2/ 16 % ^ k{k + 1)2^^ \^ n^'' 

n\ /7r\ tt^ ^ C(2k) 



2/ 16 8 f-^k{k + 1)22^' 

By comparing (I) with (II) we obtain the expression of C(3) 

27r2 r, 1 ^ C(2n) 



C(3) 



L n=l 



7 2 ^n(n+l)22" 

^^ n=l ^ ' 

However, our expression is of course not new, see for example |1] or [5]. 
By the way, the expression by Euler is different from ours : 



7 1 ^ (2n+ l)(2n + 2)22" 



see [T]. Therefore these two expressions give the (interesting) equation 

n=l ^ ^ n=l ^ ^ 



In the following we generalize the method above to obtain the equation ((31). For that purpose 
we consider the integral 

x^'"Mog(sinx)(ix for / > 1. (12) 







It may be reasonable to call this the Euler integral. 
We calculate f|T2l) in two ways by use of (a) and (b). 

(I') Calculation by use of (a) 

In a similar way in (I) it is easy to see 

I \^^-Hog{smx) dx = i l\^^dx-log{2i) r x^^~^dx-^- I e"^'"''' dx 

Jo Jo Jo Jo 

n=l 

OO ^ „2L 

log2- V- r x'^'-'e-^'^^dx 



2/ + 1 _ _„ 

n=l 

21 + 1 ~ 2~ 

n=l 



2/(2/ + 1) 2/ 



log 2- 5^ i r x^'-^e-^-^rfx. 

n=l ^ "'0 



In order to calculate the last term (which is not so easy) we make use of the trick. From 



2 p-iirn _ 1 1 

-2in 2i^^ ' ^ 



we differentiate the equation above 21 — 1 times with respect to n 

i-2if"' / x^'-'e-''^^dx = --(±) {(e-™ - l)n-i} 
Jo 22 Y an y 



{21—2 
E j-!(2r-~i-'j)! (-^^)''"'"'""^^" ■ (-lyilr^"^"^ + (e-^'^" - 1)(-1)^'"^(2/ - l)!n' 



21 



-2i ] ^ (2/ - 1 - j)! ni+i ' 



(2/-l)!j>p (27r)2'-i-J (-!)"-! l-(-l)" 
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where we have used the Leibniz's rule of differentiation, so 



{21 - 1)! I (i7r)2'-i-J (-1)"-! 1 - (-1)^ 







-2iY ]^(2/-l-i)! nJ+i ' 



(-1)'(2/- 1)! J''4=-' {mf^-^-i (-1)""' l-(-l)' 



2^' l^(2^-l-i)' ^^^^ ' 



By noting 



n=l ^ ^ n=l 

we obtain 
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'0 



x^' ^\og{smx)dx 



2/(2/ + 1) 2/ ^ 22' |^(2/-l-j)!^ ni+2 n2'+i 

_i^2^ log2 

2/(2/ + 1) 2/ ^ 



(by dividing the summation into j = 2k [k = 0, ■ ■ ■ ,1 — 1) and j = 2k — 1 {k = 1, - ■ ■ ,1 — 1) ) 



2/(2/ + 1) 21 



(-1)'-1(2/ - 1)! ^ (27r^2/-l-2fc 



22' 

k=0 



:f)2' (_i)'-i(2/-i)!^(-i)'-v('-^) / 1 



2/ ^ 22' ^ (2(/-A;))! V 22/^ 

+ (-l)'-i(2/-l)!^^!^C(2; + l) 

+z /- Jll!:^ + V A - ^ ] Cf2fc + 2) 

^ 1 2/(2/ + 1)+ 22' A. (2(/_A;)-l)! V 22^+0^^^'' + ^^ 



fc=0 



(21 - 1)! (-l)^-i7r2('-'=) / 1 . 



2/ ^ 22' ^ (2(/-A;))! V 22^ 

22Z+1 _ 1 

+(-1^1(2/ -1)!^^C(2/ + 1) 

2/(2/ + l)+ 22' Z.(2(/-A;)-l)! 22fc+iy'^^^^ + ^^J- 

From this equation the imaginary part must be zero, so we have 

22^ Z.(2(/_A;)-1)! 22^-+i J ^^^^ + 2/(2/ + 1) " " " ^' ^' 
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Here, if we asuume 

C(0) = -i 

then the equation above is rewritten in a compact form 



or (k — > k — 1) 



E j2(/_,)_i), (i-ggr)c(2'^ + 2)-° (' = 1.2. 



(-1) 



2(«-fc)+l 



Wti 1 - ^TT^ C(2fc) = (/ = 1,2,---)- 

^ (2(/-A;) + l)! V 22^=-! ' ^ ' ' ; 



From this we have the recurrent relation 
Result 1 For / = 1,2,--- 

i-i 



fc=0 

Let us list some examples : 



C(2)^-, C(4)^-, etc. 

Next, from the real part of the equation we have 
Result 2 For/ = l,2,--- 

r 2/ 1 , . X , (i)'' , (2/ - 1)! (_i)^-i7r2a-'=) / 1 \ 

I ^ - log 2 + 4^ g (2(/-.))! - 2^ J 

+(-iy"i(2/-i)!^^i^c(2/ + i). 

Let us list some examples : 

7 

xlog(sina;)(ix = — — log2 + --7C(3), 
8 lo 

x^log(sinx)rfx = -— log2 + — C(3) - Y^C(5), etc. 



(II') Calculation by use of (b) 
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In a similar way in (II) it is easy to see 



X \og{smx)dx 



Therefore we have 
Results For/ = l,2,--- 

x^''~^ log(sin x)dx 



„2l 



X 







log xdx + ^ / x^' Mog [ 1 



TT 



'■K\2l 

21 ^ V2 



n=l 



(2/)^ 



n=l 



TT 



'n\2l 

^ log ( - 

21 ^\2 



(2/)^ 



2 ^ A; 

n=l fe=l 



TT 



'7rN2/ 

^ log ( - 

21 ^\2 



{2iy 



n=l 

oo 

n=l 



4n2 



n TT 



k+l-1 



dt 



^ A;(fc + /)(4n 



2\k+l 



TV 



'TI_\2l 

^ log ( - 

21 ^\2 



(2/)2 ^ 2 ^ A:(A; + /)22(*^+0 



fi2k^2l 



IT 



-2r^°^V2 



(IT 

(2/)2 



7r\2M 1 
2 



2/ 2 ^ + /)22'= 
J-(log.-log2)- — --g 



k{k + l)2'^^ 



1 



7r\2' 1 1 

2; |27(^°^"-^°^2)-^, 2^M^ + /)22^j- 



By comparing (fT5l) with (fT6l) we have the main result 
Result 4 (Main) For / = 1, 2, ■ ■ ■ 



C(2/ + l) 



For examples, 



(-1)^ 2 

22i+l 



lr)2l ( 



(-1) 



k-1^2{l-k) 



i-^K(2/^ + i) 



TT 



21 



(20! 



(iog--^-^f: 



cm 



k{k + l)2^^ 



C(3) = 


ri 


|log7r - 


1 

~ 2 ' 


C(5) = 


67r2 1 
31 1 


|C(3)- 


^2 
9 




47r4 1 
651 1 


, — log 

[2 





cm 



cm 



29 



^ k(k + 2)2^'' 

k=l 

{2k + n)cm 

8 ^ A;(A: + l)(A; + 2)22fc 
10 



A comment is in order. There are many expressions like (fT71) . For example, in [6] (Theorem 
A) it is given 

'i-i 



a2i + i) = {-iy ^ ' 



/(22'+i - 1) 



- _kC{2k+l)_ ^ C(2fc)(2fc)! 

^ 7r2'=(2/-2fc)!^22fc(2A: + 20! 



.k=l 

However, our expression is different from this. 

In this note we gave a simple method to obtain some deep relations among zeta-values 
by calculating the Euler integral (in our terminology). The method is systematic and most 
elementary as far as we know. Moreover, it must be fresh for not only non-experts or students 
but also experts in Elementary Number Theory. 

We conclude this note by stating our dream. We are working in some field of Quantum 
Computation, so we dream that the Riemann conjecture will be finished by it. 
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